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AbItnd-A ring-stiffened spherical shell is submerged in an acoustic medium. The shell is thin and elastic.The
acoustic medium is inviscid, irrotational and compressible. The center of mass of the shell is subjected to a
translational acceleration which is an arbitrary function of time. The absolute displacements of the shell are
expressed in terms of the relative displacements and the displacement of the base of the shell, base being
defined as the rigid ring placed at the equator. The motion of the acoustic medium is governed by the wave
equation. The transient response of the shell is investigated numerically. The resuhs are compared with the
results of the in-vacuo response. The effects of the plane wave approximation and the base velocity on the
transient response of the shell are studied. The numerical results show that the plane wave approximation
accurately predicts the response of the shell in the acoustic medium for short times after excitation. The
displacements of the shell in fluid are larger than those in vacuo. But when the base of the shell is restrained
from translating, the displacements in fluid are smaller than those in vacuo. Therefore. base translation has a
very significant effect on the transient response of the shells submerged in an acoustic medium.

1. INTRODUCTION
Dynamics of shells submerged inan acoustic medium has been the subject of many investigations.
The steady-state and transient responses of submerged cylindrical shells[t-3, 5-9, 11] and
spherical shells[t, 4, 8, to, 12, 13] have been studied quite extensively. In most ofthese studies, the
resultant applied force is zero and, hence, the center of mass of the shell does not have any
acceleration or velocity. However, in[t 1) and [13] the shell is acted upon by aconcentrated force at
the apex. Accordingly, there is a net resultant force on the shell which imparts an acceleration to
the center of mass of the shell. This acceleration may be constant or a function of time, depending
on the type of the applied force. So the shell starts moving in the acoustic medium. In [11] and [13),
this part of the problem is not considered. As a matter of fact, to the author's knowledge, the
transient response of aspherical shell moving in an acoustic medium has not been studied at all. It is
one of the purposes of this paper to study the problem presented above.

The problem to be considered is that of a ring-stiffened spherical shell submerged in an acoustic
medium. The center of mass of the shell is subjected to a translational acceleration which is an
arbitrary function of time. The equations governing the transient response of this
three-dimensional shell-fluid interaction problem will be derived using the concept of relative
motion. The effect of the plane wave approximation will be studied. To illustrate the effect of the
acoustic medium on the response of the shell, its in vacuo response will be obtaiDed. Finally, the
ring-stiffner will be held fixed and the effect of the velocity of the center of mass of the shell on the
transient response will be investigated.

2. THEORY

A ring-stiffened spherical shell is submerged in an acoustic medium (Fig. 1). The rigid
ring-stiffener is placed at the equator of the shell, which will be called the base from now on. The
shell is thin and the shell material is linearly elastic, homogeneous and isotropic. The acoustic fluid
is inviscid, irrotational and compressible. It is assumed that, due to some external source, the
center of mass, hence the base, of the shell is subjected to an acceleration which may be any
function of time. The transient response of the shell will be investigated. It is assumed from the
beginning that motions are small.

The equations governing the behavior of the shell are given by FlOgge [14] and they are, in
nondimensional form,

(1)
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Fig. I. Geometry of the problem.

Rigid
ring

in which {L Jis a 3x 3linear matrix differential operator whose elements are given in the Appendix.
The motion of an inviscid, irrotational and compressible fluid undergoing small oscillations is
governed by the wave equation. In spherical coordinates its nondimensional form is

(2)

The nondimensional quantities appearing in eqns (1) and (2) are related to the corresponding
physical quantities through the following relations:

- 0u=a' w= W 4» = <1>, k = ..!.. (!!)2 ]
a' acs 12 a '

T=£!t, r=!!: q - a P s = c', cs2= E
a a' r - Eh'" Cs ps

(3)

In the foregoing expressions a and h are, respectively, the radius and the thickness of the shell. 0,
V, Ware the absolute meridional, circumferential and radial displacement components,
respectively. The mass density and the modulus of elasticity of the shell material are denoted by ps
and E, respectively. The physical time is t and Pr is the load in radial direction. Poisson's ratio is
denoted by P, C, is the speed of sound in the fluid, and the velocity potential is ci>. Finally, 4>, 8 and R
are meridional, cricumferential and radial coordinates, respectively, as shown in Fig. 1.

For a shell accelerating as shown in Fig. I, the absolute and relative displacements of a point on
the shell are related through

in which

{~} {U} {- C?S 8 cos 4>}v = v +X sm8 ,
W w - cos 8 sin 4>

(4)

uu=a'
vv=a'

w Xw=- X=-.a' a
(5)

Here, U, V, Ware the displacement components relative to the base and Xis the displacement of
the base of the shell.
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Substituting eqns (4) into eqns (1) one obtains
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!"-cos (J cos t/J X 1
v+sin8X
q, - IV +cos 6 sin t/JX

(6)

because

{

- cos (J cos 4J!
[L] sin 6 == O.

- cos 6 sin t/J

For the present problem the incident pressure is zero. Therefore,

q, == -ill,

(7)

(8)

in which ill is the nondimensional hydrodynamic fluid pressure. In dimensional form, the
hydroynamic fluid pressure P, is given by

accordingly,

ill == - f4! at r == I,

(9)

(10)

in which f =(ap,)/(hp.) is called the fluid-shell interaction parameter and the dots in eqns (6) and
(10) denote differentiation with respect to nondimensional time T. Moreover, p, is the mass density
of the fluid.

The kinematic boundary condition states that the fluid at a point next to the shell must have the
same velocity in the direction of the normal to the shell as the shell itself does at point. In
dimensional form,

Nondimensionalizing and using eqn (4) one obtains

aclt. .0 '.1." t 1-==w-COSVsm'l"A a r=.ar

(ll)

(l2)

Since the loading is symmetric with respect to the x - z plane of Fig. I, the responseof the shell
will also be symmetric with respect to the same plane. Therefore, one can let

~

(II, V, W, cit) == ~ (u" cosn 6, v" sinn 8, w" cosn 8, ~" cosn 8),
,,-0 (13)

in which n is the circumferential mode number. It should be emphasized that such an expansion is
accep~ble if significant nonlinear effects are not present.

Substitutingeqns (8), (10) and (13) into eqns (6) and (2) one obtains

[L,,] 1::1 =(1- p2) sin t/J 1:: ~::: c~s t/J • 1
w" - Ki" +61J( sin 4J +fclt,,(r =1)1

a2c1t,,+~ a~,,+..!. a~,,+ cot t/J aclt,,_ n2c1t"_=..!.<il
ar2 r ar r2 at/J2 r2 at/J r28in2 t/J £2 '"

(14)

(15)
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~ _ {1 for n = 1
\ - 0 for n ¥- 1.

(16)

The kinematic boundary condition (12) takes the following form:

all>n . ., X· • A,.ar = Wn - u\ sm ." at r = 1. (17)

In eqn (14), the matrix differential operator [Ln ] is obtained from [L] by substituting
correspondings n's for the derivatives with respect to the circumferential coordinate 9.

The boundary, apex and initial conditions for the present problem are all homogeneousand they
will be given later in the paper. Accordingly, from eqns (14H17) it is seen that the translational
acceleration of the shell excites only the cantilever beam mode, n = 1. For n ¥- 1 the problem is a
free-vibration problem, because there is no load term on the right hand side of the equations.

To be able to get rid of the third and fourth order derivatives in Un and Wn in eqs (14), a new
variable is defined as follows:

(18)

For the present problem, since only the n = 1 mode is excited, the subscript n will be discarded
from the equations which take the following final form:

all> . .
- = W - X sin 4> at r = 1,ar

(19)

(20)

(21)

in which [L *] is obtained from [Ln ] using the relation (18) and it is a 4 x 4 operator.
The transient response of a ring-stiffened spherical shell subjected to a base acceleration is

governed by eqns (19H2l). The problem is completed by specifying the apex, boundary and initial
conditions.

The apex conditions at 4> = 0° are given in[l5-l7], and they are

aU- = U +v = W = m = lI> =o.
a4>

Since the ring-stiffener is assumed to be rigid, the boundary conditions at 4> = 1T /2 are

aW all>u=v=w=-=-=Oa4> a4> .

The initial conditions at T = 0 are

u=d=v=~=w=~=lI>=~=Q

Finally, it is assumed that

(22)

(23)

(24)

all>~O
ar as r~oo. (25)
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3. NUMERICAL PROCEDURE

Equations (19).-(25), governing tile present problem, are solved numerically by finite difference
techniques. The merldioDal and ,radial derivatives appearing in the equations are replaced by the
conventional central finite difference approximations. However, at the apex of the shell the
forward finite difference approximations are used. Time derivauves are approximated by
Houbolt's[1i] backward differencing scheme. Using the finite difference approximations
mentioned, the governing equations are reduced to sets of albegraic equations which are, then
solved using Potters' [19] form of Gaussian elimination. This method is described in[15} in detail
for one-dimensional problems. For two-dimensional problems, as in the presentcase, the method is
similar.

For the difference approximations the shell meridian is divided into eighteen equal increments;
in other words, the meridional increment A4J is taken to be five degrees. The nondimensional mesh
size in the radial direction is Ar = 0.25, and the number of equal increments in this direction is
eleven. The finite difference scheme is shown in Fig. 2. The physical time increment At is taken to
be 0.1 msec. A computer program, named S0FLIP-l, was written in F0RTRAN language. Each
run, with a response time of 1.6 msec, took about a total of 8min of the IBM 370/145
computer available. It was necessary to use double-precision throughout. The plane wave
approximation, which will be explained in the following section, took only 1min for the same
response time.

J

3
2
1

18, lI=tjj:t=====:::::::::~J
18..J

Fig. 2. Finitedifference scheme.

To the author's knowledge, there is no information available at present which provides direct
numerical verification of the solution of the present problem. To establish the validity of the
method, some simpler cases were examined. Asecond program was written for the same problem,
but now in vacuo. The density of the acoustic medium was allowed to go to zero in S0FLIP-l, and
the results coincidedwith·those obtained from the second program. Athird program was written
for the transient response analysis of a rigid sphere in an acoustic medium. The steady-state
responses of the rigid sphere obtained from the third program coincided with the analytical results
of Lamb[20]. Then, the elastic modulus of the shell material was taken to be very large in
S0FLIP-1. The transient response for this almost rigid shell coincided with the transient response
of the rigid sphere for the same acceleration function.

It is known that the 4J - r grid size diverges as r increases, when one tries to solve an exterior
problem in polar coordinates using the finite-difference scheme shown in Fig. 2. Moreover, the
finite difference domain needs to be increased as time increases. But, since only very short times
are dealt with in this work (Maximum response time is 1.6 msec, to be exact), the distance that the
waves have travelled at the end of the response time is not very large. The distance that the waves
have reached at 1.6 msec is still.within the domain considered in this work.

As an additional checkfor the accuracy of the numerical scheme, the nondimensional mesh size
in radial direction was increased to Ar =0.50 with eleven equaLi~rements mth~ direction. So a
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larger domain was covered for this exterior problem. Then, t1r was reduced to 0.125 but the number
of equal increments was increased to twentytwo. Hence, the domain, although the same as that for
t1r =0.25, was divided into finer meshes. The differences among the numerical results obtained
using these three different sets of mesh size and number of increments were within the limits
acceptable for numerical solutions.

The accuracy of the numerical scheme used in this work can also be checked via an indirect
approach. As will be seen in the following section, the response of the shell considered is of long
periodicity. Therefore, the damping provided by the plane wave approximation is insignificant at
early time for this problem. Accordingly, the plane wave solution should essentially coincide with
the exact solution for short times after excitation. It will be seen later in the paper that they actually
do coincide. Moreover, we do not have the problem of divergence of the cP - r grid size for the
plane wave solution. The details of the numerical solution will be presented in a later work.

4. RESULTS AND CONCLUSIONS

Asteel shell is immersed in water and its center of mass is subjected to the acceleration shown
in Fig. 3. The amplitude of the acceleration is 100 cm/sec2

, but it is irrelevant because the problem
solved is linear. The velocity of the base is obtained by integrating the acceleration function using
the trapezoidal rule. The duration of the base acceleration is 0.4 msec. The physical dimensions and
properties used are as follows:

a =100 em, h =2em, (alh =50), E =2109240 kg/em2
, /I = 1/3,
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Fig. 3. Nondimensionalradial displacement vs time (Maximum acceleration is 100em/sec'),
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The plane wave approximation is, in dimensional form, expreseed by the following reduced
wave equation:

(26)

For n = 1, in nondimensional form, it is

acf.> 1·-=--cf.>.
ar s

(27)

Using eqn (21), /4>(r = 1) term in eqn (19) can be replaced by

/4>=-/s(w-Xsinq,) at r=1. (28)

So the shell eqns (19) can be uncoupled from the wave eqn (20),
The nondimensional radial displacement w at q, = 75° is plotted as a function of time in Fig. 3.

The radial displacement at this point is arepresentative of those at other points, and, moreover, this
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point has the maximum radial displacement at a greater number of time stations. There are five
curves in Fig. 3, and the label PW stands for the plane wave approximation. To see the effect of the
velocity of the base on the transient response, in the program Xis set equal to zero, keeping Xthe
same as before. This corresponds to the case in which the shell is loaded by the inertial forces
(- cos 8 cos <bX), (sin 8X) and (cos 8 sin <bX) in meridional, circumferential and radial directions,
respectively, as equivalent surface loads.

An investigation of Fig. 3 reveals the following conclusions. The response in water is undamped
for the time range considered. A similar conclusion was obtained by Lyons et al. [6] for their
problem for n = 1. The period of oscillation of the shell in water is greater than the period of the
vacuum response. This is, again, in agreement with the results of [6]. The maximum amplitude in
water is about 1.5 times greater than that in vacuo. The presence of the acoustic medium increases
the period and the amplitude when the base velocity is considered in the analysis. Holding the
ring-stiffner fixed reduces the amplitude to a value less than that in vacuo, but the period is still
slightly larger. The plane wave approximation predicts the transient response accurately for short
times after excitation and the response obtained from the plane wave approximation is apparently
damped. The maximum amplitude predicted by the plane wave approximation is about 20% larger
than that of the exact solution. However, the occurence time of the maximum amplitude is not
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predicted accurately. The shell oscillates about itsequilibrium position (w = 0) both in vacuo and in
water. To see if the phenomenon of beating takes place, it is necessary to use a longer response
time [13].

The results obtained from the plane wave approximation and presented in Fig. 3 are not
unexpected. It is well known that the plane wave approximation overestimates the fluid resistance.
Accordingly, when X= 0 and the shell is thus loaded with the given inertial forces, the
above-mentioned overestimation in the fluid resistance decreases the shell response. On the other
hand, when the shell is allowed to move in the acoustic medium (X':F 0), the very fact that the plane
wave approximation predicts too large a resistive force results in an overestimation of the response
amplitudes and a very significant decrease in the oscillatory nature of the response. Similar
conclusions are obtained from the results of the exact acoustic field equation.

In Fig. 4, the nondimensional radial displacement is plotted as a function of the meridional
coordinate for the shell in vacuo, for the shell in water and also for the plane wave approximation.
The curves are for t = 0.7 Jtlsec beyond which the plane wave approximation starts giving
increasingly inaccurate results.

The nondimensional meridional and circumferential displacements at the apex of the shell are
plotted in Fig. 5. The conclusions obtained from this figure are similar to the ones obtained from
Fig. 3. However, now the maximum amplitude and its occurrence time predicted by the plane wave
approximation are more accurate.

The most important conclusions of the present study can be summarized as follows:
1. When it is assumed that the velocity ofthe center of mass of the shell is zero, the presence of

an acoustic medium reduces the amplitude but increases the period.
2. When the velocity is considered, the presence of the acoustic medium increases the

amplitude and also the period significantly.
3. When the velocity is considered, the plane wave approximation predicts the response

accurately for short times after excitation.
4. The fluid resistance decreases the amplitude of the vibrations of the shell held fixed in an

acoustic medium. On the other hand, it is also this resistance which increases the amplitude if the
shell moves in the medium.
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APPENDIX

(
• o' 0 cos' ql + 11 sin' ql 1- 11 iJ')

L I1 : (I+k) SIU ql72 +cos q:> "'" • +-Z-'-ilil'. ~ _ ~. ~. u

(
1+I' o' 3- 11 0 )L..: (l+k) -----cottp-

2 lJ8dIp 2 a8

a [ill a' iJ 1 a' zcoslpa2]
L,,: (I + k)(1+ 11) sin ql arp - k sin Ip oql' + cos rp orp' + (1- cot' rp) sin Ip orp + sin rp 082aql - sin'rp 08'

(ItJl) lJ' (3-11) a
L••: (1+k)-Z-08alp +(1 +k)-z-cotql a8

{
(l-I1) [ o' 0 J I a2

}L 22: (I +k) -z- sin Ip alp' + cos ql atp - sin ql (cot' q:> -1) t sin Ip ae'

a (iJ' a2 a 1 a' )
L.,: (I + k)(1 + 1') ae - k aeiJlp2 + cot if aealp +2 a8 +sin'lp a8'

( ;) ) [a' a2 cos' 'I' ;)£,.: (1+k)(ltl') sinlp-;-+costp -k sintp-;-;+2cQstp72--.--;-
"Ip "rp dtp sm rp vtp

2 1 ill COS 'I' a·]
t(3+cot Ip)cos Ip +-.-. 'il2+-.-.- .il'

SID Ip vlpUll SID lp vv

iJ [a' ;)2 • a I a' ]
L..: (1+k)(I+V)a8'-k a8alp.-cot if il8alp +(3+cot Ip) iJ8+ sin'lp iJ8'

(
/I' a' . a'

L,,: 2(ltk)(l+v)sinlp+k sintp ;)lp,+zcos<p oq>,-(lt v tcot'<p)sinq> dip'

• iJ • 2 u' cos Ip iJ'
+(2- v+cot Ip)cos 1p-;--2(l +v)sm 'I' +-.- '8" •-2-,-.- '8"

vip sm Ip v vip SID Ip u utp

+(3-lIt4cot'lp) a' +_I_!.:..].
sin Ip aD' sin' Ip a9'


